1.1
The rapid economic growth in the last decade and the fierce competition have forced industry to raise its output, to develop new manufacturing methods and, where possible, to lower the fixed costs per unit of output. Consequently bigger factories and warehouses have been and are being built. Furthermore increasing labour costs have speeded up rationalisation and the introduction of efficient machinery.
1.2 Often, in the course of this development, too little attention has been paid to safety. This is reflected in the increasing number of Fire and Consequential Loss claims which have become so costly that the premium income has proved inadequate. Insurers have therefore adjusted their tariffs and increased their rates.
1.3 Of course, this is no solution to the problem. Insurers have to insist on adequate fire prevention and fire protection measures. Progress in the right direction can certainly be expedited by realistic tariffs which take account of all the positive features (sprinklers, inspection reports, etc.) and the negative features of a given risk (in commerce or industry).
1. 4 Rating experts say that the tariffs of industrialized countries do not always point to the actual risk and claims fluctuations; one very important factor here, the size of the risk or of the building (i.e. its insured value, volume, surface area), brings me to the main theme of my today's talk.
2.1 It has been known for years that the size of an object and the concentration of high values within a limited area has an influence on claims frequency and on the pure risk premium.
2.2 Insurance will constantly have to update its experience data in this field if insurers want to be in a position to calculate adequate and fair premium rates for clients in commerce and industry.
2.3 International comparisons are, no doubt, extremely important in this sector. Factories and warehouses of above-average size imply an increase of the risk, however, this increase can be counteracted by measures in the field of fire prevention and fire protection. Economic development and the ever-increasing concentration of values lead us to assume that the problems connected with the size of the risk will acquire even greater importance in future.
2.4 As previously mentioned, it has been known for years that the size of a risk influences the claims frequency and the risk premium or fire loss ratio as it used to be called. Permit me to begin with a quotation:
3.1 "It is an interesting question what influence the size of a risk has on the fire loss ratio, given that all other factors are equal.
Theoretically one can approach the solution of this problem as follows: the larger a risk, the more likely an outbreak of fire under otherwise equal circumstances. This proposition can be illustrated by examples. If a block of 100 flats is compared with a single flat, it is obvious that there is more likelihood of fire breaking out in the former case for there are more stoves, more light fittings and, of course, more people. Where there is a human being there is also his carelessness and his ineptitude in using fire. The same can be said of a factory: the larger it is, the more mechanisms it contains, the more processes are used which are susceptible to fire, quite apart from the number of people. The same conclusions are valid for warehouses.
Thus one can hardly contest the opinion that if all other factors are equal, the likelihood of fire appears to be greater, the larger the risk. If the degree of damage did not decrease, one could then make the positive assertion that the fire loss ratio increases in line with the size of the risk. In respect of certain risks consisting solely of inflammable material (such as hay and straw barns, woodpiles and wooden mills etc.), where, if fire breaks out, a total loss usually results, there are sufficient factors to substantiate this proposition.
However, as far as risks of fire-proof or semi fire-proof construe-CLAIMS FREQUENCY AND RSIK PREMIUM RATE tion are concerned, the degree of damage will generally decrease with the increasing size of the risk. If the size moves in the opposite direction from the charges in the likelihood, of fire, the fire loss ratio may remain constant. Since, however, there is still a possibility that a large risk, even of fire-proof construction, may be fully destroyed, one must assume that the fire loss ratio of large risks must, also in this case, be greater than that of small risks. There is only one objection to this assertion, which is frequently raised, i.e. that large risks are usually better protected against fire." 3.2 The above quotation is taken from Sergowskij's famous book on Fire Insurance, written in 1924 in Ljubljana. The German version "Theorie der Feuerversicherung" was published in Prague in 1931 [24] . * 4.1 In this field-as in many others-one can distinguish between a rather theoretical line based on well-contrived trains of thought and a more practical line based on statistical data. Both components are important and the interplay between them has enriched our knowledge.
4.2 A Russian, Professor Sergius von Sawitsch, was the first person to conduct studies into this field. He did so in 1907 in Petersburg [23] .
Von Sawitsch studied a homogenous risk, of which: (1) the likelihood of ignition is equal at all points, (2) the fire spreads from one point to another in a straight line and (3) the probability that fire will spread from one point to another is simply a function of the distance between them -where the probability decreases as the distance increases. 4.3 On the basis of the first premise, the claims frequency / can be expressed as follows:
f=AV, V signifying the volume or value of the risk.
4. 4 We proceed from the logical assumption that in case of fire, the average loss G increases with the value of the risk. Thus we arrive at the following formula for the pure risk premium: 4.5 Von Sawitsch studied the function G(V). He introduced a so-called coefficient of fire spread which was dependent on the construction and the material of the insured object. If the coefficient is 1, there will only be total losses. Generally it is lower than 1. Von Sawitsch used six double integrals and finally came to the conclusion about the increase of the risk premium in line with the risk volume.
5.1 Interest in this problem then shifted from Petersburg to Finland, where, 25 years later in 1932, the chief actuary of an insurance company in Turku, H. Eklund, popularised and further developed in an interesting discussion [15] the theory of von Sawitsch. Eklund referred back to Sergowskij whom I previously mentioned and to the German Professor Riebesell [22] .
In 1937 Sergowskij wrote:
Fire loss ratio equals claims frequency times the average degree of damage.
He described this expression as the basic equation of the fire loss ratio. This basic equation applies to separate buildings of the same insurance value. In this case, the solution of the equation gives the same result as the direct division of the loss amount by the sum insured.
5.3 If this is not the case, the "full equation" for the fire loss ratio must be used:
Fire loss ratio equals the probability of outbreak of fire times the coefficient of contagion times value of risks affected times average degree of loss.
5.4 It is common knowledge that the claims frequency equals the probability of outbreak of fire times the coefficient of contagion.
The coefficient of contagion is 1 if there is no possibility of fire spreading from one building or risk to another. Otherwise it is greater than 1.
5.5 The "weight of the risks affected" is the average sum insured of the risks involved divided by the average sum insured of the totality of all risks. A weight factor which is greater than 1, which is almost always the case, shows a "progression" (i.e. increase with size) in the claims frequency.
5.6 To illustrate this, I will give you the average weight factor of the 18 Swiss Cantonal Fire Insurers during the decade 1928-1937; it amounted to 3.25. The average sum insured of the risks involved amounted to Sw. frs. 85.047.-, that of all risks to Sw. frs. 26.153.-. Of the 180 (18 . 10) individual weight factois, 179 were greater than 1 and one (Canton Glarus 1930) was lower than 1 (0.93).
5. 7 Eklund quoted a few weight factors but did not possess any statistics to further illustrate the progression of the claims frequency and the fire loss ratio.
6.1 It is not so far from Turku to Stockholm and 5 years later, in 1937, P. O. Berge demonstrated on the basis of Swedish dwellings how the claims frequency and the fire loss ratio increase with the size of the house (measured by its insured value). Berge spoke about his results to the Institute of Swedish Actuaries. In the same year, they were published in a study prepared for the International Congress of Actuaries in Paris [6] .
6.2 In addition, Berge pointed out that little is known about the effects (risk of contagion) of a fire on other buildings. He briefly outlined a plan for statistical studies to determine the influence of distance and other decisive factors. Such studies were later carried through in Sweden and other countries. 6.4 The figures appear to confirm von Sawitsch's theoretical results for "homogeneous risks", for the fire loss ratio increases constantly as a function of the size. The increase is particularly marked with small sizes of building. [1] showed that on the basis of Berge's figures, the claims frequency can be expressed as a function of the size (sum insured) as follows:
and the average degree of loss
The risk premium rate is therefore
r(s) = f(s) • g(s) or r(s) = A-B-s*-®
He arrived at an a of 0.77594 and a p of 0.43759. Consequently a -(3 = 0.33835. These functions give a good description of the Swedish statistics. 7.3 In 1956, Blandin, France [9] , applied the same method to Berge's figures and to the French statistics. Later, Depoid gave same additional data in France in his valuable book [13] . He applied the same model.
In technical literature the claims frequency formula f(s) = A-s*
is attributed to Blandin and not to d'Addario which would be more correct. I'll leave it to the two Latin sister nations to settle this point.
8.1
The studies recently carried out in Italy by Miss G. Ferrara on the basis of statistics furnished by the "Concordato Italiano Incendio" are both topical and interesting [16] . For the various Italian industrial groups she applied Professor d'Addario's formulas and arrived at the following values for the parameters a. and (3. In addition a a of 0.50 resulted for the period 1968-69.
8.2 I recently had an opportunity to visit M. Tribouillois, France [25] and to study the statistical data for French industry for the years 1968, 1969 and 1970. Here too, the a was around 0,50. In other words
8.3 In fact, there was a great similarity between the French and Italian figures. This means that not only a but also the claims frequency level expressed in the parameter A was similar (account having been taken of the exchange rate Italian Lire/French Franc).
8. 4 In the five-year period 1963-67 analysed by Miss Ferrara, the claims frequency increases continuously with the size of the risk, from 33°/oo in the smallest class of risks (below 100 million lire) to 846°/oo m the largest class of risks (over 10 milliard lire). The description by means of the function f(s) = A • s a is very good. The average degree of loss decreases, but not very regularly and is therefore less suitable for an analytical description. However, it must be borne in mind that the statistical data, deriving from different branches of industry, is not homogeneous.
9.1 In Holland, Dr. Pestman has analysed the so-called Provincial Fire Insurance Business [18] . He investigated how the risk premium rate increased if the size of the building is doubled and arrived at the following factors: 1,59, 1,61, 1,59, 1,49, which gives an average value of 1,57. In the risk premium formula 11.
3 Following von Sawitsch I tested whether the claims frequency was proportional to the size (measured by the sum insured s). The fit was not particularly good. However, through a slight modification of the formula a substantial improvement in the description of data was achieved. Within each category of risks the claims frequency was constituted by two elements. To an element independent of size an element increasing in direct pro- 11.4 However, it was more important to find a mathematical description of the variation of the pure risk premium rate with the size of the building measured by the sum insured. The natural step was to try to supplement the knowledge obtained regarding the claims frequency by special studies on the average degree of loss. However, I came to the conclusion that to divide the risk premium rate into claims frequency and average degree of damage and to make a separate study of each was not the right way to approach the problem. Both frequency and average damage degree are very sensitive to variations in the number of small claims. The risk premium rate, however, is rather stable because the small claims increase the frequency but diminish the average damage degree accordingly.
11.5 The frequency of small claims showed a strong variation from year to year and from area to area (temporary and geographical variation). These variations could partly be explained by the variation in the frequency of lightning as well as by the different attitude of policyholders to small claims (some of the small claims were reported, some of them not).
11.6 The above constituted good reasons to approach directly the problem of describing the economically relevant factor, namely, the pure risk premium rate. It was possible to show that also here a straight line gave a good description of the data.
We thus obtain for the risk premium rate 
11.7
There was a characteristic difference between dwellings and farmhouses. For dwellings the constant term independent of value dominated, whereas for farmhouses the term increasing proportionally to the value was the important one.
11.8 The methods developed were, therefore, of particular importance for the rating of farmhouses. The straight line here furnished a simple and practical instrument for calculating and for comparing figures from different periods and with different monetary values. The deviation between the data and the straight line was tested by a # 2 -square test [2] . In each size class the sum of the "total losses" was calculated. Every total loss increases that sum by 1 and the other losses by their respective degree of damage.
11.9 The successful description of the risk premium rate as a function of size by means of a mathematical function has a special importance as it lends stability to the risk premium rate of the highest size classes where the statistical material is small and observations therefore show strong random fluctuations.
11.10 As already mentioned, the linear hypothesis offers a flexible instrument for comparing results from different periods. Changes in the parameters a and b can, in principle, be reduced to one or several of the causes cited below: a) changes of monetary value b) changes in the level of risk premiums proportionally in all size classes c) redistribution with regard to the risk premium rate between bigger and smaller objects.
11.11 An inflationary development -ceteris paribus -leaves a unchanged but will lower b in the same degree as the inflation is accepted by the policyholders in the form of raised insurance sums. Changes in the level of risk premiums influence a and b in the same degree. The observed changes in a and b can mainly be reduced to these two causes. Thus a noticeable redistribution regarding the fire risk between bigger and smaller objects has not taken place.
11.12 Cumulative figures in % (see page 129). In other words, during period 1 51.4% of the sums insured in the two smallest size classes produced 20.2% of the claims amount.
11.13 In order to facilitate the comparison of the figures from the two periods let us put them in a diagram (period 1 is marked 0 and period 2 by x; see bottom half of opposite page).
The curve describes both of the periods which means that no redistribution has taken place.
11.14 In principle it is possible to split the risk premium rate into the parts emanating from different causes of fire. This has been done and the result was that some causes give an addition to the rate independent of the size thus building up the constant a, whilst other causes gave contributions increasing proportionally with size. Thus we have a certain explanation and motivation
12.1 A larger building can at least theoretically be looked upon as the sum of several smaller buildings. Let us study the case of a division into two buildings. We would expect the claims frequency of the large building to be the sum of the claims frequency of its two parts. 12.2 It is of particular interest in the above example to have an idea of the risk of contagion as a function of distance, construction of walls and roofs, etc. Inspired by Mr. Berge, who formulated the theoretical basis for such studies already in 1937 [6] , I made a study in this field in 1947 based on the statistics of an important Danish Fire insurer. The results showed that already a distance of half a meter had a substantial importance, that the frequency of contagion was decreasing rapidly and that contagion at a distance above 20 m was very rare. The roofs of the two buildings (hard or soft) proved to have a significant influence. Of the 4 combinations (hard-hard, hard-soft, soft-hard, soft-soft) not unexpectedly hard-hard differed favourably and soft-soft unfavourably from the other two.
12.3 This study was later taken over and fulfilled by none less than Dr. Johansen, first President of the ASTIN Group [17] .
13.1 Let me at this point list some of the formulae which have been suggested for practical use in order to describe claims frequency, average degree of damage and risk premium rate as a function of size (measured in sum insured, value or volume).
claims frequency average degree of damage risk premium rate
We have not discussed which measures of size are the best: volume, area, value, number of machines, etc. For individual buildings there are strong reasons to believe that the value at risk is a better measure than volume or area.
Following d'Addario let us write frequency/(F) = A • V"
14.3 Intuitively the average claim G (not the average degree of damage) is a function which we expect to increase with F and decrease with the area F over which the value V is distributed.
Let us now assume the following functional relation:
G{V,F)=B-V • F-* 14. 4 We thus obtain for the risk premium rate 
Loadings for -profit and security
17.1 We have seen above that often arguments based on an analysis of the hazards lead to higher rates for larger buildings or risks. What further arguments are there in favour of higher rates for larger risks ?
17.2 The measurement of risk becomes more uncertain for large risks, because they are few in number and inhomogeneous. This uncertainty has to be compensated through special security loadings. Various considerations would here lead to loadings proportional to the dispersion. Let us assume that through such loadings on the risk premium rate the insurer has been able to compensate for the above-mentioned uncertainty as well as for the possible selection against him in the underwriting process which takes place under competition [4] .
18.1 To our mind the insurer is entitled to make some further additions to his rates because of the type of services he provides. After all, he is making available his capital and inner reserves for taking over and carrying risks for the insured. As remuneration | | |   CLAIMS FREQUENCY AND RISK PREMIUM RATE  I 3 3 for this service the insurer should receive an addition to the mathematical expectation. On this point, insurer and insured should be able to meet each other. 18.2 The insured takes out insurance because he prefers to transform a possible loss-uncertain as far as occurrence and size is concerned-into a certain and determined expenditure, i.e. the insurance premium. This "risk aversion" of the insured would make him prepared to pay a premium, which exceeds the mathematical expectation.
19.1 The insurer will also apply some thought to the riskand uncertainty. The acceptance of a large risk, which could produce a high claim represents for him an unpleasant possibility for which he should be compensated by an increased relative profit margin. Intuitively we feel that such a relative profit margin should be proportional to the claims severity or rather to some maximum severity.
This leads us to a relative profit loading of c-M
or an absolute profit loading of
where E stands for mathematical expectation of the possible claims during the period of consideration and M for some type of maximum severity which we might call PML. c is a constant with the dimension -i (example c = o.i/$ 1,000,000). 19.3 The relative profit loading cM increases linearly with the capacity (M) which is put at disposal by the insurer. We are entitled to refer to the above profit loading as "price for capacity". 20.1 Let us look at an underwriter who possesses a portfolio characterized by its annual profit expectation and variance in result. He considers accepting a certain risk with the annual variance V -a 2 . What minimum profit and security loading in the premium shall he ask for if he does not want to worsen his position defined in terms of probability of ruin? The "marginal" risk under consideration is supposed to be independent of the risks already in the portfolio. ) loading concept explains the advantages of the subdivision and spread of a large risk in the insurance/ reinsurance market. A model based on a pure a-loading does not explain this-to our mind-rational behaviour [5] .
23.1 The idea of a variance loading is certainly not new. Already about 15 years ago, Prof. Knud Hansen, Denmark, was led by his studies to a variance loading. The same result was obtained by Prof. Borch, Norway [10] by way of the utility theory, whilst Prof. Buhlmann, Switzerland, based on credibility considerations came to the same result [11] . All ways lead to Rome! Other researchers, however, do not like the variance loading, one argument being that the dimension is (dollars) 2 . 24.1 We have seen above (19.3 and 21. 2) that a cr 2 loading can be interpreted as a "price for capacity". As a practical example of such a price for capacity I would like to mention the Swedish Industry Fire Insurance tariff. A special additional premium for larger risks was introduced in 1970. 24 25.1 The condition of independency introduced in 20.1 can be dropped. Under simplified assumptions regarding the dependence or correlation between the portfolio and the marginal risk, Dr. B. Berliner has shown that a profit loading comes out in which the term c • V = c<r 2 is completed by a term b • a which is proportional to the dispersion [8] .
26.1 The above considerations taken together thus lead us to a general expression for the premium net of commission equal to P = E + aE + bG + ca 2 Here the term brs takes care of both the uncertainty in the estimation of E and of the correlation factor referred to above. In this connection I would also like to refer to Dr. G. Bergers paper written for this Congress [7] .
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